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SUPERSYMMETRY AND SPIN STRUCTURES
JOSÉ FIGUEROA-O'FARRILL AND SUNIL GADHIA
Abstrat. We onstrut examples of isometri M-theory bakgrounds whih preserve a dierent
amount of supersymmetry depending on the hoie of spin struture. These examples are of the
form AdS4 ×L, where L is a seven-dimensional lens spae whose fundamental group is yli of
order 4k.
1. Introdution
The purpose of this brief note is to highlight and illustrate the importane of speifying the
spin struture as part of the data dening a supergravity bakground. For every positive integer
k we will onstrut pairs of M-theory bakgrounds with the same geometry and ux but with two
dierent spin strutures and suh that the amount of supersymmetry whih is preserved depends on
the hoie of spin struture. We will onstrut these bakgrounds by quotienting the FreundRubin
bakground AdS4×S7 [1℄ of eleven-dimensional supergravity [2, 3℄ by a yli group of order 4k
ating freely on the sphere.
The preise geometry of the FreundRubin bakground is
AdS4(−8s)× S7(7s) with ux F =
√
6sdvol(AdS4)
where the parameter s > 0 is the negative eleven-dimensional salar urvature R = −s and the
numbers in parenthesis are the salar urvatures of eah of the geometries, this being the only
modulus in a manifold of onstant setional urvature.
The supersymmetry of this bakground boils down to the existene of geometri Killing spinors
in eah fator:
∇Xφ = 16fX · φ on AdS4
∇Xψ = − 112fX · ψ on S7 ,
where f =
√
6s. The spae of Killing spinors is 32-dimensional and as a representation of the
isometry Lie algebra so(2, 3)⊕ so(8) of the bakground it is isomorphi to
S
2,3 ⊗S8,0− ,
where S
p,q
denotes the half-spin representation of so(p, q) and the subsript denotes hirality, if
relevant. The hirality of the 8-dimensional half-spin representation has to do with the sign of the
Killing onstant f in the above Killing spinor equations. Changing the sign of f is tantamount
to hanging the sign of F whih in turn is tantamount to reversing the orientation of the sphere.
We will use this devie below to simplify the disussion in ertain points. The lesson is thus not so
muh that the 8-dimensional spinor representation has negative hirality, but that it is hiral.
A yli group Γ ⊂ SO(8) ats isometrially on the round sphere S7 ⊂ R8 by restriting to the
sphere the linear ation on R
8
. We will assume that Γ ats freely on the sphere, so that no element
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(exept the identity) xes a point in the sphere. In this ase, the quotient S7/Γ is smooth and
loally isometri to S7: it is alled a lens spae. In partiular it has onstant positive setional
urvature, hene it is a spherial spae form. The determination of all spherial spae forms has a
long history ulminating in Wolf's solution [4℄.
As explained, for example, in [5, 6℄, the quotient S7/Γ will admit a spin struture if and only if
the ation of Γ on the orthonormal frame bundle of S7 lifts to the spin bundle. The total spae of
the orthonormal frame bundle of the round sphere S7 is the Lie group SO(8), whih bres over S7
with typial bre SO(7). Indeed, S7 an be thought of as the homogeneous spae SO(8)/ SO(7).
The ation of Γ ⊂ SO(8) on the orthonormal frame bundle is simply left multipliation in the group
SO(8) itself.
The total spae of the spin bundle of S7 is the spin group Spin(8) whih bres over S7 with bre
Spin(7). We will let θ : Spin(8)→ SO(8) denote the two-to-one overing map. The ation of Γ on
SO(8) will lift to the spin bundle if and only if there exists a subgroup Γ̂ ⊂ Spin(8) whih is mapped
isomorphially to Γ under θ. The ation of suh Γ̂ on the spin bundle is via left multipliation on
the spin group itself. Thus we see that the spin strutures in the quotient S7/Γ are in one-to-one
orrespondene with the isomorphi lifts Γ̂ ⊂ Spin(8) of Γ.
A yli group Γ is speied by exhibiting a generator A. If Γ has order n, then An = 1. We will
investigate the existene of the subgroup Γ̂ ⊂ Spin(8) by lifting the generator A to Aˆ ∈ Spin(8),
there being two suh lifts distinguished by a sign, and then heking whether there exists a hoie
of sign for whih the relation Aˆn = 1 is satised in Spin(8), thus reovering an isomorphi group.
We will work with Spin(8) inside the Cliord algebra Cℓ(8), where in our onventions the Cliord
produt obeys v
2 = −|v|21 for v ∈ R8, or in terms of gamma matries,
γiγj + γjγi = −2δij1 .
The map θ : Spin(8)→ SO(8) is given expliitly in terms of the Cliord algebra as follows. Reall
that Spin(8) embeds in the Cliord algebra as the produt of even number of elements of S7 ⊂ R8:
Spin(8) =
{
v1v2 · · ·v2k | vi ∈ R8 , |vi| = 1
}
.
If v ∈ R8 and s = v1v2 · · ·v2k ∈ Spin(8), then
θ(s) · v = svsˆ ,
where sˆ = v2k · · ·v1. Sine for w ∈ S7, v 7→ wvw = v − 2 〈v,w〉w is the reetion in the
hyperplane perpendiular to w, we see that this formula exhibits the ation of SO(8) on R8 as a
omposition of reetions. In partiular it is lear from this observation that if v ∈ R8 then so is
svsˆ, as laimed.
If Γ ⊂ SO(8) lifts isomorphially to Γ̂ ⊂ Spin(8), then we an investigate whether S7/Γ admits
any Killing spinors. Bär's one onstrution [7℄ relates Killing spinors on S7 to parallel spinors on
R
8
, whih are themselves in one-to-one orrespondene with the relevant half-spin representation of
Spin(8). Moreover this orrespondene is equivariant with respet to the isometry group. Therefore
Killing spinors on S7/Γ are in one-to-one orrespondene with Γ̂-invariant parallel spinors in R8, or
equivalently with Γ̂-invariant spinors in the relevant half-spin representation of Spin(8). What this
means in pratise is that we must hek, for eah isomorphi lift Γ̂that is, for eah inequivalent
spin struture in the quotientwhether Γ̂ preserves any spinors in the half-spin representations
S
8
±.
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2. Seven-dimensional lens spaes
Every yli subgroup Γ ⊂ SO(8) is onjugate (perhaps by O(8)) to Γ(n, a, b, c), a yli subgroup
of order n generated by
A =


R
(
1
n
)
R
(
a
n
)
R
(
b
n
)
R
(
c
n
)

 ,
where R(θ) denotes the rotation matrix
R(θ) =
(
cos 2πθ sin 2πθ
− sin 2πθ cos 2πθ
)
,
and where (a, n) = (b, n) = (c, n) = 1. Without loss of generality we an order them so that
1 ≤ a ≤ b ≤ c < n. In hoosing a, b, c positive we may have used onjugation by O(8). Suh
onjugations may hange the orientation of the sphere, whih in turn hange the Killing onstant in
the Killing spinor equation on S7 or, equivalently, the hirality of the parallel spinors in R8. What
this means in pratise is that we must onsider both half-spin representations S
8
±.
There are two possible lifts of A to Spin(8) ⊂ Cℓ(8), distinguished by a sign ε:
Aˆ = ε exp
(
π
n
γ12 +
aπ
n
γ34 +
bπ
n
γ56 +
cπ
n
γ78
)
,
obeying
Aˆn = εn(−1)1+a+b+c1 .
We distinguish two ases. If n is even, then a, b, c are odd and hene 1 + a + b + c is even.
Therefore Aˆn = 1 for either hoie of ε. Therefore there are two inequivalent spin strutures in
the orresponding quotient. If n is odd, we hoose ε = (−1)1+a+b+c, whene there is a unique spin
struture in the quotient.
The eigenvalues of Aˆ in the Cliord module are given by
ε exp
(
iπ
n
(σ1 + aσ2 + bσ3 + cσ4)
)
with σi signs whose produt σ1σ2σ3σ4 determines the hirality. Sine 1 ≤ a ≤ b ≤ c < n, the only
way that this an be equal to 1 is if
σ1 + aσ2 + bσ3 + cσ4 = 0,±n,±2n
depending on the value of ε: 0,±2n for ε = 1 and ±n for ε = −1. In pratise we do not have to
worry about this dihotomy, beause the existene of an invariant spinor implies the existene of a
spin struture in the quotient, as explained, for example, in [5, Setion 5.2℄.
Let us onsider some ases as a way of illustration.
2.1. n = 2. Here we have only one possible hoie a = b = c = 1, and the resulting geometry is
AdS4×RP7. We will have an invariant spinor whenever the weights σi add up to 0,±2,±4. For the
positive spin struture, we require the sum to be either 0 or ±4. This happens for the following
hoies of weights: ±±±±, ±±∓∓, ±∓±∓ and ±∓∓±, for a total of 8 all of positive hirality.
For the negative spinor struture we require the sum to equal ±2. This happens for ± ± ±∓,
± ± ∓±, ± ∓ ±± and ± ∓ ∓∓ for a total of 8 all of negative hirality. We onlude that this
quotient preserves all of the supersymmetry of the vauum.
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It was proved by Fran [8℄ that of all the lens spaes, RP
4k+3
is the only one (apart from the
sphere itself) admitting the maximal number of Killing spinors and it was later proved by Bär [9℄
that this is still the ase among all spherial spae forms.
2.2. n = 3. The possible hoies for (a, b, c) are (1, 1, 1), (1, 1, 2) and (1, 2, 2). The other hoie
(2, 2, 2) gives the same quotient as (1, 1, 2) sine they generate onjugate subgroups. Let us take
eah ase in turn.
2.2.1. (1, 1, 1). We require σ1 + σ2 + σ3 + σ4 = 0, whih happens for 6 weights ± ± ∓∓, ± ∓ ±∓
and ±∓∓±, all of positive hirality.
2.2.2. (1, 1, 2). Here we require σ1 + σ2 + σ3 + 2σ4 = ±3, whih happens for 6 weights ∓ ± ±±,
±∓±±, and ±±∓±, all of negative hirality.
2.2.3. (1, 2, 2). Here we an have σ1+σ2+2σ3+2σ4 = 0,±6, whih happens for 6 weights ±±±±,
±∓±∓ and ±∓∓±, all of positive hirality.
2.3. n = 4. Again there are three possible hoies for (a, b, c): (1, 1, 1), (1, 1, 3) and (1, 3, 3), with
(3, 3, 3) and (1, 1, 3) generating onjugate subgroups.
2.3.1. (1, 1, 1). Here we an have σ1 + σ2 + σ3 + σ4 = 0,±4, with those weights adding up to 0
and those to ±4 in dierent spin strutures. For the positive spin struture, they must add up to
zero and there are six suh weights of all positive hirality: ± ± ∓∓, ± ∓ ±∓ and ± ∓ ∓±. For
the negative spin struture, they must add up to ±4 and there are two suh weights ±±±± all of
positive hirality.
2.3.2. (1, 1, 3). Again we an have σ1 + σ2 + σ3 + σ4 = 0,±4. For the positive spin struture, the
sum must give 0 whih happens for two negative-hirality weights: ±±±∓. For the negative spin
struture, the sum must give ±4 whih happens for 6 negative-hirality weights: ∓±±±, ±∓±±
and ±±∓±.
2.3.3. (1, 3, 3). Here we an have σ1 + σ2 + σ3 + σ4 = 0,±4,±8. For the positive spin struture
the sum must either be 0 or ±8, whih happens for 6 positive-hirality weights: ±± ±±, ± ∓±∓
and ± ∓ ∓±. For the negative spin struture, the sum must be ±4 and this happens for two
positive-hirality weights: ±±∓∓.
Either one of these quotients onstitutes possibly the simplest example of the phenomenon whih
we would like to illustrate: the same geometry AdS4×(S7/Z4) preserves a dierent amount of
supersymmetry depending on the hoie of spin struture, in this ase either
1
4
or
3
4
.
2.4. n = 4k ≥ 8. For n = 4k, k > 1, it is easily seen that the quotients S7/Z4k with weights (a, b, c)
given by (1, 2k − 1, 2k − 1), (1, 2k + 1, 2k + 1), (2k − 1, 2k + 1, 4k − 1) have four invariant spinors
with respet to the positive spin struture and two with respet to the negative spin struture, the
hiralities being the same in both ases. Similarly, the quotient with weight (1, 2k−1, 2k+1) has two
invariant spinors with respet to the positive spin struture and four with respet to the negative
spin struture, again with hiralities agreeing. We onlude that the orresponding supergravity
bakgrounds AdS4×(S7/Z4k) are either 12 -BPS or 14 -BPS, depending on the spin struture.
2.4.1. (1, 2k − 1, 2k − 1). In this ase the spinors with weights ±∓ ±∓ and ±∓ ∓± are invariant
relative to the positive spin struture, whereas the spinors with weights ± ± ±± are invariant
relative to the negative spin struture. All have positive hirality.
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2.4.2. (1, 2k + 1, 2k + 1). In this ase the spinors with weights ±∓ ±∓ and ±∓ ∓± are invariant
relative to the positive spin struture, whereas the spinors with weights ± ± ∓∓ are invariant
relative to the negative spin struture. All have positive hirality.
2.4.3. (2k−1, 2k+1, 4k−1). In this ase the spinors with weights ±±±± and ±∓∓± are invariant
relative to the positive spin struture, whereas the spinors with weights±±∓∓ are invariant relative
to the negative spin struture. All have positive hirality.
2.4.4. (1, 2k− 1, 2k+1). In this ase the spinors with weights ±±±∓ are invariant relative to the
positive spin struture, whereas the spinors with weights ±∓±± and ∓±±± are invariant relative
to the negative spin struture. All have negative hirality.
Moreover some experimentation suggests that these are (up to onjugation) the only ases where
this phenomenon ours.
3. Conlusions and summary
We have highlighted the importane of speifying the spin struture of the spaetime as part
of the data dening a supergravity bakground by onstruting examples of isometri M-theory
bakgrounds admitting more than one spin struture and preserving a dierent amount of super-
symmetry depending on this hoie. Our examples are produts of AdS4 with lens spaes S
7/Z4k.
For k = 1 the two bakgrounds are, respetively, 1
4
- and
3
4
-BPS, whereas for k > 1 they are 1
4
-
and
1
2
-BPS, respetively. We expet this phenomenon to persist for other bakgrounds whih are
produts of AdS4 with a spherial spae form. A systemati analysis of suh bakgrounds is under
way and we will be reporting on these results in a more extensive forthoming paper [10℄.
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